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A polynomial-time algorithm: : : 3the obstales are disjoint and moderate, Agarwal et al. show that an approximateSBC path an be omputed in O(n2 logn+ 1=") time.In this paper, we onsider also the ase of moderate obstales (in a more re-stritive sense than Agarwal et al.) and present a polynomial-time algorithm toompute a SBC path (assuming that the roots of some polynomials of boundeddegree an be omputed in onstant time). To the best of our knowledge, this isthe rst polynomial-time exat algorithm for a nontrivial instane of the problem.The paper is organized as follows. In Setion 2, we introdue some notations andshow that the problem redues to nding Eulidean shortest paths when the initialand nal positions are suÆiently far apart and suÆiently far from the obstales.In Setions 3 and 4, we haraterize the irular ars that an appear in a SBCpath. In Setion 5, we study a partiular lass of subpaths. Finally, we desribe inSetion 6 an algorithm for omputing shortest paths of bounded urvature betweengiven ongurations in the presene of moderate obstale.2. PreliminariesFirst, we give some denitions and notations. Let 
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4 Jean-Daniel Boissonnat & Sylvain LazardOur rst theorem states that, when the initial and nal positions are suÆientlyfar apart and suÆiently far from the obstales, the optimal path is an Eulideanshortest path for an augmented set of obstales.Let M be a point of an optimal path P and let CL(M) (resp. CR(M)) be theunit irle tangent to P at M and lying on the left (resp. right) side of path Poriented from S to T . CL(M) is oriented ounterlokwise and CR(M) is orientedlokwise. An ar of one of these irles will be oriented aordingly.Let C 0S (resp. C 0T ) be the irle tangent to CL(S) and CR(S) (resp. CL(T )and CR(T )) that does not interset the ray (S; ~US) (resp. the ray (T; ~UT )) (seeFigure 1). Let RS (resp. RT ) be the open shaded region limited by CL(S), CR(S)and C 0S (resp. CL(T ), CR(T ) and C 0T ) as shown in Figure 1.
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A polynomial-time algorithm: : : 5is not speied) is the ar SI .4 Let P 00 be the path obtained by modifying P 0 asfollows: if I 0 = I then P 00 = P 0, otherwise, we replae the ar AI of CL(S) and II 0by the short irular ar AI 0 of C 0S . Path P 00 is shorter than P 0, thus P 00 is shorterthan P . Moreover, P 00 avoids RS by onstrution, and avoids also all the moderateobstales and RT by hypothesis. Hene, the Eulidean shortest P 000 path from S toT avoiding 
, RS and RT is shorter than P . That yields a ontradition beausethis Eulidean shortest path is a path of bounded urvature from !S to !T . Indeed,~US (resp. ~UT ) is the vetor tangent to P 000 at S (resp. T ), by onstrution, and P 000is a path of bounded urvature sine RS and RT and all the obstales of 
 aremoderate.If I = S, the orientation of P at I an only be ~US or  ~US sine I is the lastintersetion point between P and CL(S) [ CR(S). But only the latter ases anour sine otherwise, P would not be optimal. As by denition, I lies before I 0along P , the part of P from (S; ~US) to I 0 is longer than the shortest Dubins' pathfrom (S; ~US) to (S; ~US) whih is a path of type CCC of length 2+ =3. Let SI 0be the onatenation of the ar SA of CL(S) and the irular ar AI 0, and let P 0be the onatenation of SI 0 and the part of P from I 0 to T . As, the length of SI 0is at most 2, P 0 is shorter than P . We then get a ontradition as above.Similar arguments hold if P also intersets RT .Theorem 1. If RS and RT are disjoint and do not interset the obstales 
, thenP is an Eulidean shortest path from S to T avoiding 
 and the two additionalobstales RS and RT .Proof. It follows from Lemma 1 that a SBC path from !S to !T in the preseneof the obstales 
 is also a SBC path in the presene of the obstales 
, RS andRT . On the other hand, an Eulidean shortest path from S to T avoiding 
, RSand RT is a path of bounded urvature from !S to !T . Thus, P is an Eulideanshortest path from S to T in the presene of the obstales 
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6 Jean-Daniel Boissonnat & Sylvain LazardLemma 3. Any non-terminal C-segment of an optimal path is longer than .Proof. Beause the obstales are moderate, no obstale an touh the inner side ofthe C-segment (otherwise the C-segment would be an O-segment). Moreover, sinethe C-segment is preeded and followed by some ars, the path an be shortenedusing a irular ar of radius greater than 1 (see Figure 2a).
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A polynomial-time algorithm: : : 7
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8 Jean-Daniel Boissonnat & Sylvain Lazard
(b)(a)Fig. 4. Length reduing perturbations for CCCS paths.Proof. The perturbation (a) in Figure 4, similarly as the perturbation shown inFigure 2, has been proved to shorten the path.12 We now prove that perturbation(b) in Figure 4 shortens the path.We onsider, without loss of generality, that the straight line segment of thepath belongs to the x-axis and that the enter of the irle supporting the rstC-segment belongs to the y-axis (see Figure 5).
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12 Jean-Daniel Boissonnat & Sylvain Lazard
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Fig. 7. Shortut used in Lemma 10 if C1 does not interset C3.
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14 Jean-Daniel Boissonnat & Sylvain Lazardorientation. We assume, without loss of generality, that the rst C-segment C1 isoriented ounterlokwise and show that the dashed C-segment tangent to C1 andC4, shown in Figure 9, shortens the path.Let M12 be the ommon end point of C1 and C2, and M34 the ommon endpoint of C3 and C4. Let  and  be dened as in Figure 9 and let s be the lengthof the S-segment.We now show that there exists a C-segment of length smaller than  orientedlokwise and tangent to C1 and C4. By Lemma 9, the length O2O4 is less than 2,implying that the length O1O4 is less than 4. Thus there exist two irles of unitradius tangent to C1 and C4. Sine the length O2O4 is less than 2, M12 belongs tothe dashed C-segment between A and B in Figure 10. Sine C1 is oriented ounter-lokwise and its length is greater than , point B belongs to C1 (see Figure 10).Similarly, point D belongs to C4. Moreover, the C-segment oriented lokwise andtangent to C1 at B and to C4 at D is smaller than . It follows that this C-segmentshortens the subpath of type CCSCC. This onludes the proof beause suh aC-segment avoids any moderate obstale.
O4 O3O2  O1M12 C1
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A polynomial-time algorithm: : : 15
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A polynomial-time algorithm: : : 17
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20 Jean-Daniel Boissonnat & Sylvain Lazard
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A polynomial-time algorithm: : : 21
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A polynomial-time algorithm: : : 23
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24 Jean-Daniel Boissonnat & Sylvain Lazardis redued to a point). Thus we an assume that d is not equal to 0 or 1 and h isnot equal to 0 (and similarly for h0).
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26 Jean-Daniel Boissonnat & Sylvain Lazard
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A polynomial-time algorithm: : : 29
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Fig. 21. For the proof of Proposition 2 (Case 1).
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A polynomial-time algorithm: : : 4122. H. J. Sussmann and G. Tang, Shortest Paths for the Reeds-Shepp Car: A Worked OutExample of the Use of Geometri Tehniques in Nonlinear Optimal Control, ReportSYCON-91-10, Rutgers University, New Brunswik, NJ, 1991.23. H. Wang and P. K. Agarwal, Approximation algorithms for urvature-onstrainedshortest paths, in Pro. 7th ACM{SIAM Symp. on Disrete Algorithms, Atlanta, GA(1996) pp. 409{418.
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